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Abstract
We study the generalized Dirac-Born-Infeld (DBI) action, which describes a
q-brane ending on a p-brane with a (q+1)-form background. This action has the
equivalent descriptions in commutative and non-commutative settings, which can
be shown from the generalized metric and Nambu-Sigma model. We mainly discuss
the dimensional reduction of the generalized DBI at the massless level on the flat
spacetime and constant antisymmetric background in the case of flat spacetime,
constant antisymmetric background and the gauge potential vanishes for all time-
like components. In the case of q = 2, we can do the dimensional reduction to get
the DBI theory. We also try to extend this theory by including a one-form gauge
potential.
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1 Introduction
In string theory, the T-duality shows the equivalence of two theories that look different
under the exchange of a radii R and α′/R. For the closed strings [1, 2], the T-duality of
closed strings exchanges winding and momentum modes. In the case of open strings, the
T-duality of open strings exchanges the Dirichlet and Neumann boundary conditions.
The studies of the T-duality pave the way for the unified theory. One way is to study the
low energy effective action. It is well-known that the DBI model can be derived from the
one-loop β function. The low-energy effective field theory (higher derivative gravity [3]
or non-local theory) can be directly found from the one-loop β function. Nevertheless,
we encounter the non-geometry or T-fold problem in the massless closed string theory.
This problem is generic and unavoidable in string theory. To solve this problem, we
need to construct geometric languages to endow string theory with a global geometry.
Double field theory [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19] and generalized
geometry [20, 21, 22] are two typical examples. This new “stringy geometry” [23, 24]
geometrize the non-geometric flux and find the 10-dimensional supergravity with the non-
geometric flux as shown in [25, 26]. At the current stage, the most non-trivial problem
is that the double field theory needs the section conditions to have gauge invariance.
The approaches of relaxing the section conditions can be found in [27, 28, 29]. The
extension of the α′ correction explores a geometric way to find the T-duality with α′
correction [30, 31]. The geometric structure can also be extended to the 11-dimensional
supergravity [32, 33, 34, 35, 36, 37]. Some recent good reviews can be found in [38, 39, 40].
To get a geometric picture of brane theory, a combination of non-commutative gauge
theory and the generalized geometry is necessary. The non-commutative gauge theory of
the D-brane is already well-known, but the non-commutative gauge theory of the M-brane
is still not completely understood [41, 42]. Recently, theories based on the equivalence
between the commutative and non-commutative gauge theories are found. The theories
are the Nambu-Sigma model and generalized DBI model [43, 44]. The non-commutative
geometry is encoded in the generalized metric, which is an ingredient of the generalized
geometry. Although they do not use the full language of the generalized geometry [45, 46],
they found the evidence for the DBI-like M2-M5 system [47].
The main task of this paper is to calculate the dimensional reduction of the generalized
DBI theory at the massless level. We perform the dimensional reduction from a (q + 1)-
1
brane ending on a (p + 1)-brane to a q-brane ending on a p-brane. We consider flat
spacetime, constant antisymmetric background field and the (q+1)-form gauge field only
exists in (q+1)-dimensional worldvolume directions (no time direction) in q-p system. The
non-trivial result of this theory is that the appearance of the 2(q+1)-th root, which can be
shown by the equivalence between the commutative and non-commutative descriptions,
is robust against the dimensional reduction. The most interesting study is the system of a
2-brane ending on a 5-brane. The system can be reduced to a 1-brane ending on a 4-brane
by the dimensional reduction. This shows that the system of a 2-brane ending on a 5-
brane can be reduced to the DBI theory in our simple consideration. Finally, we discuss
the possibility of adding one-form gauge field in the generalized DBI theory. We can
include one-form gauge field up to H2 in principle, and the calculation also demonstrates
the potential to extend the generalized DBI theory with different field contents. This
study should give the simplest understood of the higher-form fields although it is not a
general consideration. Our study on the generalized DBI theory should motivate interest
of duality structure in higher dimensions.
The plan of this paper is to first review the generalized DBI theory in Sec. 2. Then
we discuss the dimensional reduction without scalar fields in Sec. 3 and dimensional
reduction with scalar fields in Sec. 4. Finally, we conclude in Sec. 5. We also provide
the detailed calculation in A and B.
2 Review of the Generalized DBI
In this section, we follow [43, 44] to review the generalized DBI theory. First of all,
we show the closed-open string relations from the string sigma model. Secondly, we
generalize the Poisson-Sigma model to Nambu-Sigma model. We obtain the generalized
closed-open relations from the Nambu-Sigma model. Then we introduce the membrane
action, which is equivalent to the Nambu-Sigma model under the gauge fixing. In the
end of this section, we use the generalized closed-open relations to construct an action.
We define our notations as follow. We denote the worldvolume directions from A to H
and indicate the transverse directions from I to Z. The index a=1, 2, · · · , p are reserved
for the spatial components of worldvolume coordinates (We denote them from a to h.),
while the Greek letters µ, ν, ρ, σ=0, 1, · · · , D − 1 denote the target space indices and
w=0, 1 denote the world-sheet index. In addition, we use i, j to label the antisymmetric
2
indices, i = (i1, i2, · · · , ir) with 0 ≤ i1 < i2 < · · · < ir ≤ (r+1), where r is the dimension
of i.
2.1 Closed-Open Relations
We first introduce the action of the Poisson-Sigma model
SP =
∫
Σ
(
Aµ ∧ dXµ − 1
2
ΠµνAµ ∧Aν
)
, Π ≡ 1
2
Πµν(X)∂µ ∧ ∂ν , (1)
where X : Σ → M , Σ is the two dimensional world-sheet and M is the target space
manifold. The one-form field A(σ) is on Σ and Π is an antisymmetric tensor. From the
equations of motion
dXµ − ΠµνAν = 0, dAµ + 1
2
∂µΠ
νρAν ∧Aρ = 0, (2)
we show that the bi-vector Π satisfies the Jacobi identity. These are the equations of
motion for Aµ and X
µ, respectively. We can add a metric term in the Poisson-Sigma
model to obtain the non-topological generalized Poisson-Sigma model
SP =
∫
Σ
(
Aµ ∧ dXµ − 1
2
ΠµνAµ ∧Aν − 1
2
(G−1)µνAµ ∧ ∗Aν
)
, (3)
where ∗Aν is the Hodge dual of Aν . The signature of the world-sheet is (−,+) and
volume form d2σ ≡ dσ0 ∧ dσ1. The Aµ ≡ Aµw(σ)dσw is an auxiliary field. By using
the equation of motion of Aµ, the action (3) can be rewritten as the string sigma model
action,
SS = −
∫
Σ
1
2
(gµνdX
µ ∧ ∗dXν +BµνdXµ ∧ dXν) , (4)
where the g and B are defined by the closed-open string relations
1
g +B
= G−1 +Π,⇒ G = g −Bg−1B, Π = −G−1Bg−1 = −g−1BG−1. (5)
The action (3) can also be rewritten in terms of the components of ηµ ≡ −Aµ1(σ) and
η˜ν ≡ Aν0(σ), the action is
SP =
∫
d2σ
[
− 1
2
(G−1)µνηµην +
1
2
(G−1)µν η˜µη˜ν + ηµ∂0X
µ + η˜µ∂1X
µ − Πµνηµη˜ν
]
.
(6)
3
We can use matrix notation to rewrite the action by using
η ≡ ηµ, η˜ ≡ η˜ν , G ≡ Gµν , X ≡ Xµ, Π ≡ Πµν . (7)
The action becomes
SP =
∫
d2σ
(
− 1
2
ηTG−1η +
1
2
η˜TG−1η˜ + ∂0X
Tη + ∂1X
T η˜ − ηTΠη˜
)
, (8)
where the superscript T indicates transpose of matrix. By using the matrix notation, it
is easier to generalize the Poisson-Sigma model.
2.2 Generalized Closed-Open Relations
The Nambu-Sigma model is a generalization of the Poisson-Sigma model. The action is
given by
SN =
∫
dq+1σ
(
− 1
2
ηTG−1η +
1
2
η˜T G˜−1η˜ + ∂0X
Tη + ∂˜X
T
η˜ − ηΠT η˜
)
, (9)
where
G˜ij =
∑
pi
sgn(π)Gipi(1)j1 · · ·Gipi(p)jq (10)
with a permutation π. The antisymmetric product of partial derivatives is defined as
∂˜X
i ≡
q∑
a1,...,aq=1
ǫa1a2...aq∂a1X
i1 · · ·∂aqX iq , (11)
where 0 ≤ i1 < · · · < iq ≤ (q+1). There are two types of the metrics G and G˜, auxiliary
fields η and η˜, and an antisymmetric (q + 1)-form tensor Π. We can integrate out the
fields η and η˜. Then the resulting action is
Sb =
1
2
∫
dq+1σ
(
∂0X
Tg∂0X − ∂˜Xg˜∂˜X
)
−
∫
dq+1σ ∂0X
TC∂˜X, (12)
where
g ≡ gµν , g˜ ≡ g˜ij , C ≡ Cµi. (13)
We identify g, g˜ and C as
g =
(
G−1 +ΠG˜ΠT
)−1
, g˜ =
(
G˜−1 +ΠTGΠ
)−1
, C = −gΠG˜ = −GΠg˜. (14)
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In the case of q = 1, these relations are reduced to the closed-open string relations (5).
We rewrite the action after the Wick rotation (σ0 → −iσ0) in the compact matrix form
SbE =
1
2
∫
dq+1σ V †
(
g C
−CT g˜
)
V, (15)
where
exp(iSb) = exp(−SbE), V ≡
(
i∂0X
µ
∂˜X
i
)
. (16)
Let G denote the matrix
G ≡
(
g C
−CT g˜
)
. (17)
The inverse matrix is given by
G−1 =
(
(g + Cg˜−1CT )−1 −(g + Cg˜−1CT )−1Cg˜−1
g˜−1CT (g + Cg˜−1CT )−1 (g˜ + CTg−1C)−1
)
, (18)
where we used the analytic inversion formula(
a b
c d
)−1
=
(
a−1 + a−1b(d− ca−1b)−1ca−1 −a−1b(d− ca−1b)−1
−(d − ca−1b)−1ca−1 (d− ca−1b)−1
)
=
(
(a− bd−1c)−1 −(a− bd−1c)−1bd−1
−d−1c(a− bd−1c)−1 d−1 + d−1c(a− bd−1c)−1bd−1
)
. (19)
We also have
H ≡
(
G Φ
−ΦT G˜
)−1
+
(
0 Π
−ΠT 0
)
=
(
(G+ ΦG˜−1ΦT )−1 −(G+ ΦG˜−1ΦT )−1ΦG˜−1 +Π
G˜−1ΦT (G+ ΦG˜−1ΦT )−1 −ΠT (G˜+ ΦTG−1Φ)−1
)
. (20)
Interestingly, we can get the relations, which is similar to the closed-open string relations
by setting G−1 = H. These relations are called generalized closed-open relations. These
relations are
g + Cg˜−1CT = G+ ΦG˜−1ΦT , g˜ + CTg−1C = G˜+ ΦTG−1Φ, (21)
5
g−1C = G−1Φ−Π
(
G˜+ ΦTG−1Φ
)
, ΦG˜−1 = Cg˜−1 +
(
g + Cg˜−1CT
)
Π. (22)
These relations imply that we can interchange
g ↔ G, g˜ ↔ G˜, C ↔ Φ, Π↔ −Π (23)
to write the action in terms of G, Φ and Π. When q = 1, we obtain
1
g +B
=
1
G+ Φ
+ Π. (24)
We use G = H−1 to get another form of the generalized closed-open relations as well.(
g C
−CT g˜
)
= H−1. (25)
The results are
g−1 =
(
1− ΦΠT
)T
G−1
(
1− ΦΠT
)
+ΠG˜ΠT ,
g˜−1 =
(
1− ΦTΠ
)T
G˜−1
(
1− ΦTΠ
)
+ΠTGΠ,
C =
[(
1− ΦΠT
)T
G−1
(
1− ΦΠT
)
+ΠG˜ΠT
]−1[(
1− ΦΠT
)T
G−1Φ−ΠG˜
]
.
(26)
Please refer to A for the detailed computations.
We can also use the generalized metric to derive the generalized closed-open relations.
The generalized metric is exactly the matrix in the Hamiltonian. Starting from
SbE =
1
2
∫
dq+1σ V †
(
g C
−CT g˜
)
V, (27)
we get the Hamiltonian
H [X,P ] =
∫
dqσ
(
∂0X
TP − SbE
)
=
∫
dqσ
[
∂0X
T
(
g∂0X − iC∂˜X
)
− 1
2
∂0X
Tg∂0X − 1
2
∂˜X
T
g˜∂X + i∂0X
TC∂˜X
]
=
∫
dqσ
(
1
2
∂0X
Tg∂0X − 1
2
∂˜X
T
g˜∂X
)
= −1
2
∫
dqσ
(
iP
∂˜X
i
)T (
g−1 −g−1C
−CT g−1 g˜ + CTg−1C
)(
iP
∂˜X
i
)
, (28)
6
where P is the canonical momentum corresponding to the fieldX , i.e., P = g∂0X−iC∂˜X .
If we take q = 1, the matrix in Hamiltonian is the usual generalized metric.
We can use another way to write the generalized metric(
1 Π
0 1
)(
1 0
−ΦT 1
)(
G−1 0
0 G˜
)(
1 −Φ
0 1
)(
1 0
ΠT 1
)
=
(
(1− ΠΦT )G−1(1− ΦΠT ) + ΠG˜ΠT −(1 −ΠΦT )G−1Φ + ΠG˜
−ΦTG−1(1− ΦΠT ) + G˜ΠT ΦTG−1Φ + G˜
)
=
(
g−1 −g−1C
−CTg−1 g˜ + CTg−1C
)
. (29)
We used (21) and (22) to get the second equality. In other words, we can get the
generalized closed-open relations from the generalized metric.
2.3 Membrane Action
Starting from the action
SM = −
∫
dq+1σ
√
− det (gµν∂AXµ∂BXν), (30)
we introduce an auxiliary field hAB and write a classically equivalent action
SMc = −1
2
∫
dq+1σ
√
− det h
(
gµνh
AB∂AX
µ∂BX
ν − (q − 1)
)
. (31)
We used an equation of motion of hAB
1
2
hAB
(
hCD∂CX
µ∂DX
νgµν − (q − 1)
)
= ∂AX
µ∂BX
νgµν (32)
to derive the equivalence. For q 6= 1, we have
hAB∂AX
µ∂BX
νgµν = q + 1. (33)
Therefore, we get hAB = ∂AX
µ∂BX
νgµν . After fixing (by reparametrization invariance)
the components ha0, h0b and h00 by choosing ha0 = h0b = 0 and h00 = − det(hab), and
using the equation of motion of hab
hab
(
hcd∂cX
µ∂dX
νgµν − (q − 1)
)
= ∂aX
µ∂bX
νgµν , (34)
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we get the classical equivalence with the gauge fixing
Sgf =
1
2
∫
dq+1σ
[
gµν∂0X
µ∂0X
ν − det
(
gµν∂aX
µ∂bX
ν
)]
. (35)
The action (35) can be rewritten as
Sgf =
1
2
∫
dq+1σ
(
∂0Xg∂0X − ∂˜Xg˜∂˜X
)
. (36)
We can add a (q+1)-form background term, 1
(q+1)!
Ci1i2···iq+1dx
i1dxi2 · · · dxiq+1 . The action
is
SC = −
∫
dq+1σ ∂0XC∂˜X. (37)
We combine Sgf with SC to get the same action as the Nambu-Sigma model.
2.4 Generalized DBI
Before we generalize the DBI action, we first review the well-known theory, DBI theory,
which is an effective action for an open string ending on a D-brane. The action is
− 1
gs
∫
dp+1x
√
− det (g +B + F ) = − 1
gs
∫
dp+1x
(
− det g
)1
4
[
− det
(
g − (B + F )g−1(B + F )
)] 1
4
,
where gs, g and B are closed string coupling constant, metric and two-form antisymmetric
background. F is the abelian field strength (F ≡ dA). Before showing the equivalence be-
tween the commutative and non-commutative descriptions, we shall discuss the relations
between the closed and open string parameters. These are
Gs = gs
(
det (G+ Φ)
det (g +B)
) 1
2
, (38)
g −Bg−1B = G− ΦG−1Φ, Bg−1 = ΦG−1 −
(
G− ΦG−1Φ
)
Π. (39)
These relations imply that we can determine the open string variables from closed string
variables by choosing Π. We can further rewrite Gs as
Gs = gs
(
det (G+ Φ)
det (g +B)
) 1
2
= gs
(
detG
det g
) 1
4
(
det (G− ΦG−1Φ)
det (g − Bg−1B)
) 1
4
= gs
(
detG
det g
) 1
4
.
(40)
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Then we include the gauge field in the generalized metric(
1 F
0 1
)(
1 B
0 1
)(
g 0
0 g−1
)(
1 0
−B 1
)(
1 0
−F 1
)
=
(
g − (B + F )g−1(B + F ) (B + F )g−1
−g−1(B + F ) g−1
)
=
(
1 F
0 1
)(
1 0
Π 1
)(
1 Φ
0 1
)(
G 0
0 G−1
)(
1 0
−Φ 1
)(
1 −Π
0 1
)(
1 0
−F 1
)
=
(
1 F
0 1
)(
1 0
Π 1
)(
1 −F ′
0 1
)(
1 (Φ + F ′)
0 1
)(
G 0
0 G−1
)
·
(
1 0
−(Φ + F ′) 1
)(
1 0
F ′ 1
)(
1 −Π
0 1
)(
1 0
−F 1
)
. (41)
We add one new block matrix N to factorize the generalized metric. Later we will
combine them to get the equivalence between the non-commutative and commutative
descriptions.(
1 0
Π′ 1
)(
NT 0
0 N−1
)(
1 Φ′
0 1
)(
G 0
0 G−1
)(
1 0
−Φ′ 1
)(
N 0
0 (N−1)T
)(
1 −Π′
0 1
)
,
(42)
where Φ′=Φ + F ′. From(
1 0
Π′ 1
)(
NT 0
0 N−1
)
=
(
NT 0
Π′NT N−1
)
=
(
1 F
0 1
)(
1 0
Π 1
)(
1 −F ′
0 1
)
=
(
1 + FΠ −(1 + FΠ)F ′ + F
Π −ΠF ′ + 1
)
, (43)
we can obtain
Π′ = (1 + ΠF )−1Π = Π(1 + FΠ)−1,
F ′ = F (1 + ΠF )−1 = (1 + FΠ)−1F,
N = 1 + ΠF. (44)
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We find useful formulae from(
1 0
Π′ 1
)(
NT 0
0 N−1
)(
1 Φ′
0 1
)(
G 0
0 G−1
)(
1 0
−Φ′ 1
)(
N 0
0 (N−1)T
)(
1 −Π′
0 1
)
=
(
g − (B + F )g−1(B + F ) (B + F )g−1
−g−1(B + F ) g−1
)
. (45)
Hence, we obtain
g − (B + F )g−1(B + F ) = NT
(
G− Φ′G−1Φ′
)
N,
(B + F )g−1 = −NT
(
G− Φ′G−1Φ′
)
NΠ′ +NTΦ′G−1(NT )−1,
g−1 = −Π′NTGNΠ′ +
(
Π′NTΦ′ +N−1
)
G−1
(
Φ′NΠ′ + (NT )−1
)
.
Thus, we have
det
(
g − (B + F )g−1(B + F )
)
= det 2(N) det
(
G− Φ′G−1Φ′
)
,
(g +B + F )−1 = Π′ +
(
NT (G+ Φ′)N
)−1
. (46)
The DBI action can be rewritten in terms of the closed string parameters instead of the
open string parameters by using the above relations:
− 1
gs
(
− det (g +B + F )
) 1
2
= − 1
gs
(
− det g
)1
4
[
− det
(
g − (B + F )g−1(B + F )
)] 1
4
= − 1
gs
(
− det g
)1
4
det
1
2
(
1 + ΠF
)[
− det
(
G− Φ′G−1Φ′
)] 1
4
= − 1
Gs
det
1
2
(
1 + ΠF
)(
− detG
) 1
4
[
− det
(
G− Φ′G−1Φ′
)] 1
4
= − 1
Gs
det
1
2
(
1 + ΠF
)[
− det
(
G+ Φ′
)] 1
2
. (47)
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Then we perform the Seiberg-Witten map to get
−
∫
dp+1x
1
gs
(
− det (g +B + F )
) 1
2
= −
∫
dp+1xˆ
1
Gˆs
det
1
2
(
Πˆ
Π
)[
− det
(
Gˆ+ Φˆ′
)] 1
2
,
(48)
where the superscript ˆ means that the fields are evaluated at the covariant coordinates,
which comes from the change of coordinates, x 7→ ρ∗A(x) = xˆ = x + ΠAˆ induced by a
map Π 7→ Π′ = (1+ΠF )−1Π. The coordinate xˆµ is called covariant coordinate. We used
det (1 + ΠF ) = det
(
Πˆ
Π
)
det 2
(
∂x
∂xˆ
)
(49)
to establish the equivalence between the non-commutative and commutative descriptions
in the DBI theory.
We expect the generalization of the DBI theory can be done in the similar construc-
tion. The generalized DBI action is first proposed in [43]. They use the equivalence
between the non-commutative and commutative descriptions to construct the general-
ized DBI theory. In the generalized DBI theory, the antisymmetric background field is
(q + 1)-form rather than the 2-form antisymmetric background field in the DBI theory.
When q=1, the generalized DBI action is naturally reduced to the DBI theory.
We include the details of the calculations in B. Among these, the two following for-
mulae are crucial to determine the generalized DBI,
det
(
g + (C +H)g˜−1(C +H)T
)
= det 2
(
1−HΠT
)
det
(
G+ Φ′G˜−1Φ′T
)
. (50)
det
(
1−ΠTH
)
= det
(
1−HΠT
)
= det
(
Πˆ
Π
)
det q+1
(
∂x
∂xˆ
)
. (51)
It is obvious that if there is a term like (50), we would get a term
(
det ∂x
∂xˆ
)2(q+1)
in
the action. From this term, it can be postulated that the action can be
SGDBI = −
∫
dp+1x
1
gb
(
− det g
) q
2(q+1)
[
− det
(
g + (C +H)g˜−1(C +H)T
)] 1
2(q+1)
(52)
because the term
(
det ∂x
∂xˆ
)2(q+1)
cancels with the Jacobian which arises from coordinate
transformation, such that the Lagrangian is an integral density. The coupling constant
11
gb is called closed brane coupling constant. We can also rewrite the open brane coupling
constant Gb as
Gb = gb
(
detG
det g
) q
2(q+1)
(
det (G+ ΦG˜−1ΦT )
det (g + Cg˜−1CT )
) 1
2(q+1)
= gb
(
detG
det g
) q
2(q+1)
. (53)
We used
G+ ΦG˜−1ΦT = g + Cg˜−1CT (54)
in the last equality. The action of the generalized DBI can be rewritten by using the
open brane parameters.
−
∫
dp+1x
1
gb
(
− det g
) q
2(q+1)
[
− det
(
g + (C +H)g˜−1(C +H)T
)] 1
2(q+1)
= −
∫
dp+1x
1
Gb
(
− detG
) q
2(q+1)
[
− det
(
g + (C +H)g˜−1(C +H)T
)] 1
2(q+1)
= −
∫
dp+1x
1
Gb
(
− detG
) q
2(q+1)
det
1
(q+1)
(
1−HΠT
)[
− det
(
G+ Φ′G˜−1Φ′T
)] 1
2(q+1)
= −
∫
dp+1xˆ
1
Gˆb
(
− det Gˆ
) q
2(q+1)
det
1
(q+1)
(
Πˆ
Π
)[
− det
(
Gˆ+ Φˆ′ ˆ˜G−1Φˆ′T
)] 1
2(q+1)
.
(55)
This action is based on the equivalence between the non-commutative and commutative
gauge theories. The closed-open relations can be generalized from the generalized metric.
On the other hand, it can also be derived from the Nambu-Sigma model. If we consider
a 2-form background, it goes back to the DBI theory. If we choose a 3-form background
and set p=5, the action is
S5-DBI = −
∫
d6x
1
gb
√
− det g det 16
(
1 + g−1(C +H)g˜−1(C +H)T
)
≈ −
∫
d6x
1
gb
√
− det g
(
1 +
1
3
Trk − 1
6
Trk2 +
1
18
(Tr k)2 + · · ·
) 1
2
, (56)
where kµν =
1
2
(H+C)µρσ(H+C)νρσ. This action is consistent with [47] up to the second
order. The supersymmetric extension and other formulations of the membrane theory
are in [48, 49].
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3 Consistency of the Dimensional Reduction
In this section, we discuss the dimensional reduction of the action (52) without scalar
fields. We first show the dimensional reduction from (q + 1)-(p + 1) to q-p. We only
consider flat spacetime, constant antisymmetric background, and (q + 1)-form gauge
field in (q + 1)-dimensional worldvolume directions (without a time direction) in q-p
system. In other words, we have two types worldvolume directions. We use the non-
dotted Greek letters to indicate the worldvolume directions without the antisymmetric
background field and the dotted Greek letters to indicate the worldvolume directions with
the antisymmetric background field. For a consistent notation, we define (1˙, 2˙, · · · , q˙) ≡
(p− q, p− q + 1,· · · , p− 1). The generalized DBI theory (52) gives
Sq+1,p+1 = −
∫
dp+2x
1
gb
det
1
2(q+2)
(
δA
B +HAig˜
ijHCjg
CB
)
= −
∫
dp+2x
1
gb
exp
[
1
2(q + 2)
Tr ln
(
δA
B +HAig˜
ijHCjg
CB
)]
= −
∫
dp+2x
1
gb
exp
[
1
2(q + 2)
Tr
( ∞∑
n=1
(−1)n+1
n
(
HAig˜
ijHCjg
CB
)n)]
. (57)
We used
det x(I +M) = exp
(
xTr ln(I +M)
)
, ln(1− x) = −
∞∑
n=1
xn
n
(58)
to get the second and third equalities respectively. Then we calculate HAig˜
ijHCjg
CB
HAig˜
ijHCjg
CB =
1(
(q + 1)!
)2HAC1···Cq+1 ∑
pi∈σq+1
sgn(π)
(
gCpi(1)D1gCpi(2)D2 · · · gCpi(q+1)Dq+1
)
HED1···Dq+1g
EB
=
1(
(q + 1)!
)2 ∑
pi∈σq+1
sgn(π)HA
Dpi(1)···Dpi(q+1)HBD1...Dq+1
=
1
(q + 1)!
HA
D1···Dq+1HBD1···Dq+1
≡ 1
(q + 1)!
(H2)A
B.
The non-zero components in (H2)A
B are
(H2)p−q
p−q = (H2)p−q+1
p−q+1 = · · · = (H2)p+1p+1 = (q + 1)!(H2p−q,p−q+1,··· ,p+1). (59)
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Substituting the result and taking trace in the action (57), we get
Sq+1,p+1 = −
∫
dp+2x
1
gm
exp
(
1
2(q + 2)
∞∑
n=1
(−1)n+1
n
(q + 2)(Hp−q,p−q+1,··· ,p+1)
2n
)
= −
∫
dp+2x
1
gm
∞∑
m=0
1
m!
(
1
2
∞∑
n=1
(−1)n+1
n
(Hp−q,p−q+1,··· ,p+1)
2n
)m
. (60)
Now we discuss the consistent truncation before we do the dimensional reduction. The
equation of motion of the generalized DBI theory at the leading order is
∂AH
Ai = 0. (61)
We first fix the gauge such that a equation of motion of the generalized DBI theory
becomes the wave equation at the leading order. When we compactify one direction,
it becomes periodic.. The solution is proportional to exp(i n
R
y), where R is radius of
the compact torus, n is the number of modes and y is the compacted coordinate. This
periodic function gives a mass term in the equation of motion. When we shrink the
radius to zero, the non-zero modes give the infinite mass and decouple from our theory
consistently.
If we compactify one direction and shrink the radius to zero, the (q+1)-form field
strength becomes the q-form field strength. The expression (60) simply becomes
Sq,p = −
∫
dp+1x
1
gm
∞∑
m=0
1
m!
(
1
2
∞∑
n=1
(−1)n+1
n
(Hp−q,p−q+1,··· ,p)
2n
)m
. (62)
In conclusion, we start from a system of (q + 1)-(p + 1), we can get an effective action
for q-p system by the dimensional reduction.
We want to emphasize that this is not a trivial check because the 2(q + 1)-th root
in the action is so far predicted based on the equivalence between non-commutative and
commutative gauge theories. This calculation in this simple example shows that the
non-trivial power of this theory is also supported by the dimensional reduction.
4 Comments on Pull-Back
If we further require that the generalized DBI model can be reduced from (q+1)-(p+1) to
q-p with scalar fields (by pull-back), the generalized DBI theory (52) needs to include an
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one-form gauge potential for the U(1) gauge symmetry. In the non-commutative gauge
theory, we have these similar systems [50, 51, 52]. We discuss the possibility to extend
the theory via the dimensional reduction. In this section, we show that inclusion of the
one-form gauge field up to H2 should be possible.
4.1 Scalar Field and Gauge Potential
When a worldvolume direction is compactified, the component of the compactified direc-
tion of a gauge potential AI gives a scalar field XI ,
AI → XI , FAI → ∂AXI . (63)
The scalar field XI correspond to the positions of a brane in the transverse directions.
We introduce a scalar field from the pull-back. In the static gauge and the case of
flat spacetime, we have
gAB = ηAB + ∂AX
I∂BX
I . (64)
The inverse of this metric is
gAB = ηAB +
∞∑
n=1
(−1)n
(
∂AXI1
)(
∂D1X
I1
)(
∂D1XI2
)
· · ·
(
∂Dn−1X
In−1
)(
∂Dn−1XIn
)(
∂BXIn
)
,
(65)
which indeed satisfies a condition gABg
BC = δA
C . We define
ωAB ≡
∞∑
n=1
(−1)n
(
∂AXI1
)(
∂D1X
I1
)(
∂D1XI2
)
· · ·
(
∂Dn−1X
In−1
)(
∂Dn−1XIn
)(
∂BXIn
)
(66)
for convenience and it is symmetric under interchanging the indices, i.e., ωAB = ωBA.
4.2 (q + 1)-(p+ 1)→ q-p
We show that the effective action of a q-p brane system without the one-form gauge
potential can be deduced from the (q + 1)-(p+ 1) system up to H2 order.
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We also assume that only α˙ components of H are turned on. The action is
Sq+1,p+1 = −
∫
dp+2x
1
gb
√
− det g det 12(q+2)
(
δA
B +HAig˜
ijHCjg
CB
)
= −
∫
dp+2x
1
gb
√
− det g exp
[
1
2(q + 2)
Tr
( ∞∑
n=1
(−1)n+1
n
(
HAig˜
ijHCjg
CB
)n)]
.
(67)
For n = 1, we can obtain
Tr
(
HAig˜
ijHCjg
CB
)
= H2p−q,p−q+1,··· ,p+1
q+1∑
k=0
p+1∑
α˙k ,β˙k,γ˙k=p−q
q + 2
k!(q + 2− k)!
×ǫα˙1α˙2···α˙kγ˙k+1γ˙k+2···γ˙q+2ǫβ˙1β˙2···β˙kγ˙k+1γ˙k+2···γ˙q+2ωα˙1β˙1ωα˙2β˙2 · · ·ωα˙kβ˙k , (68)
where ǫα˙1α˙2···α˙kγ˙k+1γ˙k+2···γ˙q+2 and ǫβ˙1β˙2···β˙kγ˙k+1γ˙k+2···γ˙q+2 are Levi-Civita symbols. The fac-
torials k! and (q + 2 − k)! are used to cancel the factor of overcounting such that the
coefficients of each term in the summation is simply unity. The expression (67) becomes
Sq+1,p+1 = −
∫
dp+1x
1
gb
√
− det g
exp
(
1
2
H2p−q,p−q+1,··· ,p+1
q+1∑
k=0
p+1∑
α˙k ,β˙k,γ˙k=p−q
1
k!(q + 2− k)!
×ǫα˙1α˙2···α˙k γ˙k+1γ˙k+2···γ˙q+2ǫβ˙1β˙2···β˙kγ˙k+1γ˙k+2···γ˙q+2ωα˙1β˙1ωα˙2β˙2 · · ·ωα˙kβ˙k + · · ·
)
.
(69)
The factors (q+2) in (67) and (68) cancel out each other. If we compactify one worldvol-
ume direction with background, say p+1, and shrink the radius to zero, then all ωα˙(p+1)
vanish. This is equivalent to excluding p + 1 in the summation, that is
p+1∑
{α˙k ,β˙k,γ˙k=p−q}
→
p∑
{α˙k ,β˙k,γ˙k=p−q}
q+1∑
k=0
→
q∑
k=0
(70)
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On the other hand, the Levi-Civita symbols should be modified to
ǫα˙1α˙2···α˙kγ˙k+1γ˙k+2···γ˙q+2ǫβ˙1β˙2···β˙kγ˙k+1γ˙k+2···γ˙q+2 → (q+2−k)ǫα˙1α˙2···α˙k γ˙k+1γ˙k+2···γ˙q+1ǫβ˙1β˙2···β˙kγ˙k+1γ˙k+2···γ˙q+1 .
(71)
As a result, the action (69) becomes
Sq,p = −
∫
dp+1x
1
gb
√
− det g
× exp
(
1
2
H2p−q,p−q+1,··· ,p
q∑
k=0
p∑
α˙k ,β˙k,γ˙k=p−q
1
k!(q + 1− k)!
×ǫα˙1α˙2···α˙k γ˙k+1γ˙k+2···γ˙q+1ǫβ˙1β˙2···β˙kγ˙k+1γ˙k+2···γ˙q+1ωα˙1β˙1ωα˙2β˙2 · · ·ωα˙kβ˙k + · · ·
)
,
(72)
which is exactly the action (69) with q + 1 and p + 1 replaced by q and p respectively.
This calculation shows the possibility to include the one-form gauge field in the theory
up to H2 order.
5 Conclusion
The generalized DBI is aimed for describing a q-brane ending on a p-brane. The most
non-trivial feature of this action is the 2(q+1)-th root, which is predicted by the exis-
tence of the equivalence between the commutative and non-commutative descriptions of
the q-p system. In this paper, we showed that the non-trivial power of the generalized
DBI action can be consistent with the dimensional reduction. The calculation provides
more evidences to the relation between 2-5 and M2-M5 system. In addition, we also find
the possibility to extend the theory by adding the one-form gauge field in the presence
of scalar fields from the dimensional reduction. We leave the full understanding of the
dimensional reduction for (q+1)-(p+1)→ q-p to the future. We can, of course, consider
dimensional reduction along a direction orthogonal to the worldvolume directions. How-
ever, in our simple consideration, the background is not modified under this kind of the
dimensional reduction. This should be trivial in this case. This direction should be a
starting point to address the interesting issue of the duality structure of the higher-form
fields. Although it is not a general study, we do not have many studies in the higher-form
fields.
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The supersymmetric extension of this theory should be able to give a direct link
between the supergravity and generalized DBI theory. With the perturbative calculation
up to the second order, we can obtain a similar form for the M5-brane [47], which already
has a supersymmetric extension. Although it is hard to find the supersymmetric theory
for the DBI-form theory, we should be able to perform perturbative calculation order by
order in principle.
So far, the relation between the generalized DBI theory and generalized geometry is
unclear. However, the key point is that the generalized DBI theory is constructed by
the equivalence between the commutative and non-commutative gauge theories. This
equivalence is further governed by the generalized metric, which is always an important
element in the generalized geometry. We expect that a generalized geometrical structure
for q > 1 can be found.
The most interesting extension should be the T-duality rule between the background
fields. Of course, we still have the familiar Buscher’s rule for q=1 with different values of
p. Certainly, study of the T-duality rule of the generalized DBI theory is a challenging and
interesting problem. The T-duality of the generalized DBI theory should be interesting
on higher dimensional field theories (larger than eleven dimensions).
Finally, we remark on one related direction–double field theory of the DBI. By now,
we do not get any insight to put the one-form gauge field in the double field theory.
This is still an open problem. The starting point is to find the gauge transformation
related to the Courant bracket. This should offer an unique structure to constrain the
DBI theory in the double field theory. One more interesting prospect related to the
open string of the double field theory is to understand the string sigma model with the
manifest Buscher’s rule. It is a well-known fact that the DBI model is equivalent to the
calculation of the one-loop β function of the string sigma model. If we can include the
strong constraints in the double field theory of the string sigma model, the one-loop β
function would be an important consistent check. Moreover, one-loop β function of the
Nambu-Sigma model is also an important problem. So far, we only used the generalized
metric and equivalence between the commutative and non-commutative descriptions to
understand the generalized DBI model. We expect that the one-loop β function of the
Nambu-Sigma model should lead to the generalized DBI theory.
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A The Generalized Closed-Open Relations
We determine g explicitly by
g−1 =
(
G+ ΦG˜−1ΦT
)−1
−
[
−
(
G+ ΦG˜−1ΦT
)−1
ΦG˜−1
(
G˜+ ΦTG−1Φ
)
+Π
(
G˜ + ΦTG−1Φ
)]
×
[
G˜−1ΦT
(
G+ ΦG˜−1ΦT
)−1
− ΠT
]
=
(
G+ ΦG˜−1ΦT
)−1
+
(
G+ ΦG˜−1ΦT
)−1
ΦG˜−1
(
G˜+ ΦTG−1Φ
)
G˜−1ΦT
(
G+ ΦG˜−1ΦT
)−1
−
(
G+ ΦG˜−1ΦT
)−1
ΦG˜−1
(
G˜+ ΦTG−1Φ
)
ΠT −Π
(
G˜+ ΦTG−1Φ
)
G˜−1ΦT
(
G+ ΦG˜−1ΦT
)−1
+Π
(
G˜+ ΦTG−1Φ
)
ΠT . (73)
Before showing the explicit answer, we show the trick for simplifying the third and fourth
terms. The third term is
−
(
G+ ΦG˜−1ΦT
)−1
ΦG˜−1
(
G˜+ ΦTG−1Φ
)
ΠT
= −
(
G+ ΦG˜−1ΦT
)−1(
Φ + ΦG˜−1ΦTG−1Φ
)
ΠT
= −
[(
G + ΦG˜−1ΦT
)
G−1Φ
(
G−1Φ
)−1]−1(
Φ+ ΦG˜−1ΦTG−1Φ
)
ΠT
= −G−1ΦΠT . (74)
The fourth term is
−Π
(
G˜+ ΦTG−1Φ
)
G˜−1ΦT
(
G+ ΦG˜−1ΦT
)−1
= −Π
(
ΦT + ΦTG−1ΦG˜−1ΦT
)(
G + ΦG˜−1ΦT
)−1
= −Π
(
ΦT + ΦTG−1ΦG˜−1ΦT
)[(
ΦTG−1)−1ΦTG−1
(
G+ ΦG˜−1ΦT
)]−1
= −ΠΦTG−1. (75)
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By using the same method, the first and second terms are(
G+ ΦG˜−1ΦT
)−1
+G−1ΦG˜−1ΦT
(
G+ ΦG˜−1ΦT
)−1
=
(
1 +G−1ΦG˜−1ΦT
)(
G+ ΦG˜−1ΦT
)−1
= G−1. (76)
We can see the explicit answer by combining all terms
g−1 =
(
1− ΦΠT
)T
G−1
(
1− ΦΠT
)
+ΠG˜ΠT . (77)
Then we can determine C
C = −
[(
1− ΦΠT
)T
G−1
(
1− ΦΠT
)
+ΠG˜ΠT
]−1
×
[
−
(
G+ ΦG˜−1ΦT
)−1
ΦG˜−1 +Π
](
G˜+ ΦTG−1Φ
)
=
[(
1− ΦΠT
)T
G−1
(
1− ΦΠT
)
+ΠG˜ΠT
]−1[(
1− ΦΠT
)T
G−1Φ−ΠG˜
]
.
(78)
The expression for g˜−1 can also be derived
g˜−1 =
(
G˜+ ΦTG−1Φ
)−1
+
[
G˜−1ΦT − ΠT
(
G+ ΦG˜−1ΦT
)][(
G + ΦG˜−1ΦT
)−1
ΦG˜−1 − Π
]
=
(
G˜+ ΦTG−1Φ
)−1
+ G˜−1ΦT
(
G + ΦG˜−1ΦT
)−1
ΦG˜−1
−G˜−1ΦTΠ− ΠTΦG˜T +ΠT
(
G+ ΦG˜−1ΦT
)
Π. (79)
The first term can be rewritten by using the fact that(
a+ b
)−1
= a−1 − a−1b
(
b+ ba−1b
)−1
ba−1. (80)
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The above formula can be derived from the Binomial Inverse Theorem. The first term is
G˜−1 − G˜−1
(
ΦTG−1Φ
)(
ΦTG−1Φ + ΦTG−1ΦG˜−1ΦTG−1Φ
)−1
ΦTG−1ΦG˜−1
= G˜−1 − G˜−1ΦT
(
ΦT + ΦTG−1ΦG˜−1ΦT
)−1
ΦTG−1ΦG˜−1
= G˜−1 − G˜−1ΦT
(
1 +G−1ΦG˜−1ΦT
)−1
G−1ΦG˜−1
= G˜−1 − G˜−1ΦT
(
G+ ΦG˜−1ΦT
)−1
ΦG˜−1. (81)
If we combine the first term and second terms, we obtain G˜−1. We can combine all terms
to derive
g˜−1 = (1− ΦTΠ)T G˜−1(1− ΦTΠ) + ΠTGΠ. (82)
B Calculations for the Construction of the General-
ized DBI
The generalization of DBI can also be done by a similar decomposition of matrix as (41)(
1 −HT
0 1
)(
1 −CT
0 1
)(
g˜ 0
0 g−1
)(
1 0
−C 1
)(
1 0
−H 1
)
=
(
g˜ + (C +H)Tg−1(C +H) −(C +H)Tg−1
−g−1(C +H) g−1
)
=
(
1 −HT
0 1
)(
1 0
Π 1
)(
1 −ΦT
0 1
)(
G˜ 0
0 G−1
)(
1 0
−Φ 1
)(
1 ΠT
0 1
)(
1 0
−H 1
)
=
(
1 −HT
0 1
)(
1 0
Π 1
)(
1 H ′T
0 1
)(
1 −(ΦT +H ′T )
0 1
)(
G˜ 0
0 G−1
)
·
(
1 0
−(ΦT +H ′T ) 1
)(
1 0
H ′ 1
)(
1 ΠT
0 1
)(
1 0
−H 1
)
. (83)
We can add square matrix M and N in a similar way(
1 0
Π′ 1
)(
NT 0
0 MT
)(
1 −Φ′T
0 1
)(
G˜ 0
0 G−1
)(
1 0
−Φ′ 1
)(
N 0
0 M
)(
1 Π′T
0 1
)
, (84)
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where Φ′=Φ +H ′. From(
1 0
Π′ 1
)(
NT 0
0 MT
)
=
(
NT 0
Π′NT MT
)
=
(
1 −HT
0 1
)(
1 0
Π 1
)(
1 H ′T
0 1
)
=
(
1−HTΠ (1−HTΠ)H ′T −HT
Π ΠH ′T + 1
)
,
(85)
we can obtain
Π′ = Π
(
1−HTΠ
)−1
,
H ′ = H
(
1− ΠTH
)−1
,
N = 1− ΠTH =
(
1 + Π′TH
)−1
,
M = 1 +H ′ΠT =
(
1−HΠT
)−1
. (86)
We find the useful formulae from(
1 0
Π′ 1
)(
NT 0
0 MT
)(
1 −Φ′T
0 1
)(
G˜ 0
0 G−1
)(
1 0
−Φ′ 1
)(
N 0
0 M
)(
1 Π′T
0 1
)
=
(
g˜ + (C +H)Tg−1(C +H) −(C +H)Tg−1
−g−1(C +H) g−1
)
. (87)
Therefore, we get
g˜ + (C +H)Tg−1(C +H) = NT
(
G˜+ Φ′TG−1Φ′
)
N,
−(C +H)Tg−1 = NT
(
G˜+ Φ′G−1Φ′
)
NΠ′T −NTΦ′TG−1M,
g−1 = Π′NT G˜NΠ′T +
(
−Π′NTΦ′T +MT
)
G−1
(
− Φ′NΠ′T +M
)
.
Thus, we have
det
(
g˜ + (C +H)Tg−1(C +H)
)
= det 2(N) det
(
G˜+ Φ′TG−1Φ′
)
= det 2(1− ΠTH)
(
G˜+ Φ′TG−1Φ′
)
. (88)
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From the bottom right block of(
1 −Π′T
0 1
)(
N−1 0
0 M−1
)(
1 0
Φ′ 1
)(
G˜−1 0
0 G
)(
1 Φ′T
0 1
)(
(NT )−1 0
0 (MT )−1
)(
1 0
−Π′ 1
)
=
(
g˜ + (C +H)Tg−1(C +H) −(C +H)Tg−1
−g−1(C +H) g−1
)−1
, (89)
we obtain
det
(
g + (C +H)g˜−1(C +H)T
)
= det
[
M−1
(
G + Φ′G˜−1Φ′T
)(
M−1
)T]
= det 2
(
1−HΠT
)
det
(
G+ Φ′G˜−1Φ′T
)
.
(90)
In addition, we also have
det
(
1−ΠTH
)
= det
(
1−HΠT
)
= det
(
Πˆ
Π
)
det q+1
(
∂x
∂xˆ
)
. (91)
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